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naturals and all naturals. Mathemati-
cians define the “size” of  two infinite 
sets to be equal if  and only if  we can 
form this kind of  correspondence, or 
isomorphism, between the two sets 
that takes an element of  one and gives 
exactly one element of  the other, going 
either direction. Thus, these two sets 
are the same size of  infinity.

It would not be unreasonable, at this 
point, to assume that this insistence 
on considering different infinities is 
yet another example of  unnecessary 
mathematical formalism obscuring the 
forest for the trees. To remedy this, 
let us exhibit 
a set that is a 
different size 
o f  in f in i t y 
than the natu-
ral numbers. 
Consider the 
set of  all real 
numbers between zero and one—that 
is, all the positive decimals less than 
1. To avoid considering different rep-
resentations of  the same number, we 
will exclude infinite decimals that end 
in all 9s or 0s. Pretend we have formed 
a list—infinitely long, of  course, but 
able to be numbered—of  all of  these 
real numbers. It is in fact impossible to 
form such an exhaustive list, because 
there is always a way to find a number 
that is not already on this list. For the 
first number after the decimal point, 
we will select any digit that is not 0, 9, 
or the digit in the 1st decimal place of  
the first number. Do the same for the 
second digit, selecting a digit between 1 
and 8 that is different from the second 
digit of  the second number on our list. 
If  we continue to do this, we will con-
struct a number that is different from 
all of  the numbers on our list since its 
nth digit is different from the nth digit 
of  the nth number on our list. Thus, we 
have constructed a real number that is 
not on our infinite list of  real numbers! 
That means we can never form a list of  
all real numbers—so their size is a “big-
ger” infinity than that of  the naturals. 
We have now shown that there are, in 

fact, different sizes of  infinity, and our 
insistence on formalizing the idea of  
infinity was not a trivial concern.

Numbers
The study of  the properties of  

numbers is one of  the oldest areas of  
mathematics, and also the one that 
people think they are most familiar 
with. After all, isn’t mastering long-
division the culmination of  the study 
of  numbers?  

When number theorists study num-
bers, they study the structure of  num-
bers and number patterns, often work-

ing with whole 
numbers. A cen-
tral area of  re-
search in modern 
mathematics in-
volves the study 
of  prime num-
bers—numbers 

that cannot be divided evenly by any-
thing except 1 and themselves—and 
how frequently they appear among the 
natural numbers. Are there infinitely 
many of  them?

Suppose there are a finite quantity of  
prime numbers. Let us make a list of  all 
primes and let p be the biggest number 
in our list. Now take the product of  all 
the primes on the list and add one. If  
that new number is prime, then we have 
found a prime that is larger than any ele-
ment of  our supposedly-exhaustive list. 
Because we can repeat this process with 
any finite list of  primes, we have shown 
that there are infinitely many primes. If  
the new number is not prime, we still 
know that it is not evenly divisible by 
any of  the primes in our finite list, since 
we took their product and added one, 
and no integer greater than one divides 
evenly into 1. Since every number can 
be factored into a product of  primes, 
we then know that there exists a prime 
larger than any of  the primes in our 
list. Now we know there are infinitely 
many primes.

To take an elementary example of  the 
distribution of  primes, let us consider 
a birthday problem. A man has three 

children who will be ages 3, 5, and 7 
next year. Is there any other time when 
all of  their ages will be prime again? 
Consider a number n greater than 3. If  
n is divisible by 3, then it is not prime. If  
it is one more than a multiple of  three, 
then n+2 is a multiple of  three, and 
thus not prime. If  it is two more than a 
multiple of  three, then n+4 is divisible 
by three. Thus, there is no set of  three 
naturals two integers apart all of  which 
are prime except for 3, 5, and 7.  

Although the study of  primes has 
recently become popular in cryptog-
raphy, mathematicians began studying 
primes simply because they needed 
to know what kind of  structure the 
primes have—for their curiosity, and 
for the fun of  the game of  discovering 
mathematical truth. 

What Next?
Hopefully you have seen a little 

to peak your interest in the kinds of  
questions pure mathematicians study. 
Perhaps the most important thing to 
understand is that mathematics is not 
simply a body of  facts or methods, 
but a way of  making the ubiquitous 
concepts of  number, pattern, and sym-
metry more precise, as well as a fun way 
of  looking at the world. Mathematics 
itself  is a creative process that is open 
to anyone willing to ask questions and 
seek answers.

“The study of the properties 
of numbers is one of the oldest 
areas of mathematics, and also 
the one that people think they 

are most familiar with.”
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